N, γ)-hyperelliptic semigroups were introduced by Fernando Torres to encapsulate the most salient properties of Weierstrass semigroups associated to totally-ramified points of N -fold covers of curves of genus γ. Torres characterized (2, γ)-hyperelliptic semigroups of maximal weight whenever their genus is large relative to γ. Here we do the same for (3, γ)-hyperelliptic semigroups, and we formulate a conjecture about the general case whenever N ≥ 3 is prime.
Canonical inflection, and Weierstrass weights of (3, γ)-hyperelliptic curves
The inflection of a linear series (L, V ) on a smooth complex algebraic curve C is a fundamental numerical invariant of (L, V ). To define it, assume that L is a line bundle of degree d, while V ⊂ H 0 (C, L) is an (r + 1)-dimensional subspace of holomorphic sections. We then let (1) I (L,V ) := p∈C (a i (p) − i)p in which a 0 (p) < a 1 (p) < · · · < a r (p) is the sequence of vanishing orders of sections of V in p. Thus I (L,V ) is a divisor on C, and a fundamental result of Plücker establishes that its total degree is uniquely determined by the values of d, r, and the genus g of C. On the other hand, the local inflection indices (a i (p) − i) in (1) are less predictable, and it is interesting to see how they vary as a function of the global geometry of (L, V ).
The case of the canonical series |K C | = (K C , H 0 (C, K C )) is distinguished. Indeed, inflection points of the canonical series are Weierstrass points and have been widely studied. Serre duality relates the set A of vanishing orders in p of sections of the canonical series with the set S of pole orders in p of meromorphic functions on C: we have A = (N \ S) − 1. Here S = S(C, P) is the Weierstrass semigroup of C in p; its weight is defined to be g i=1 (ℓ i − i), where ℓ 1 < ℓ 1 < · · · < ℓ g , ℓ i = a i (p) + 1 is the sequence of elements belonging to N \ S. A natural problem in this context is to explain, on geometric grounds, how to maximize the weight of the Weierstrass semigroup S(C, p), or equivalently the inflection of the canonical series |K C | in p.
We are specifically interested in this problem in cases in which the curve C may be realized as an N -fold branched cover π : C → B of a curve B of genus γ. We further require that π have at least one totally ramified point, p; then via pullback of meromorphic functions, we see that N · S(B, q) ⊂ S(C, p). Cícero Carvalho and Fernando Torres studied such Weierstrass semigroups S(C, p) from a combinatorial point of view, calling them (N, γ)-hyperelliptic [4] by analogy with hyperelliptic semigroups (which correspond to the case N = 2, γ = 0). Their salient properties are that 1. The first γ positive elements n 1 , . . . , n γ of S are multiples of N , and n γ = 2γN ; and 2. (2γ + 1)N belongs to S. 1.1. (3, γ)-hyperelliptic semigroups. Now let S ⊂ N denote a numerical semigroup of genus g. Recall that this means that the complement G S = N \ S is of cardinality g; say G S = {ℓ 1 , . . . , ℓ g } where ℓ i < ℓ j whenever 1 ≤ i < j ≤ g. We define the weight of S to be the quantity
Remark 1.1. The conductor of a numerical semigroup of genus g is always at most 2g; consequently, a numerical semigroup S of genus g is uniquely determined by its truncation S * := S ∩ [2g]. It follows that two numerical semigroups S and T of the same genus g satisfy
We will denote s∈S * s by I S ; up to recalibration by a constant, this is the inflection of S (not to be confused with the inflection of the canonical series of the preceding subsection), and we will refer to it as such. Now let N, γ ≥ 0 be integers. Following [4] , we say that S is (N, γ)-hyperelliptic if it satisfies the following conditions:
1. The first γ positive elements n 1 , . . . , n γ of S are multiples of N , and n γ = 2γN ; and 2. (2γ + 1)N belongs to S. It will be useful for our purposes to filter (N, γ)-hyperelliptic semigroups according to their residues modulo N . Given an integer 0 ≤ i ≤ N − 1, we let S i denote the subset of S * of elements with residue i modulo N . Given an integer M ≥ 2, we use (u) M as a shorthand for u mod M .
Torres showed in [7] that (2, γ)-hyperelliptic semigroups of genus g ≥ 2γ satisfy the characteristic weight inequality
In an attempt to generalize (2), Carvalho and Torres determined a lower bound on the weight of (N, γ)-hyperelliptic semigroups of genus g. 
The lower bound in Theorem 1.2, which is sharp, is easy to prove using the fact that the weight is given by the number of squares in the complement inside a 2g × 2g grid of squares of the Dyck path associated to S * in [1] . An upper bound, however, is significantly more delicate. In this note, we will find a upper bound on the weight of (N, γ)-hyperelliptic semigroups of genus g when N = 3.
Accordingly, let S be a (3, γ)-hyperelliptic semigroup of genus g. In light of Remark 1.1, in order to maximize the weight of S, it suffices to minimize the inflection I S . Carvalho and Torres observed that when the genus g is sufficiently small relative to γ, the following scheme produces the truncation S * of an (3, γ)hyperelliptic semigroup S of maximal weight relative to g. Construction 1.3. Let g and γ be nonnegative integers. Let S ct denote the unique completion of the g-element subset S ct, * = S ct 0 ⊔ S ct 1 ⊔ S ct 2 ⊂ [2g] to a numerical semigroup of genus g, where where A = g − 3γ. When g is large, however, Construction 1.3 fails to produce a (3, γ)-hyperelliptic semigroup of maximal weight.
Theorem 1.4. Assume that g ≫ γ. When γ = 0, the (3, γ)-hyperelliptic semigroup S bc of maximal weight obtained by completing the g-element subset S bc, * = S bc 0 ⊔ S bc 1 ⊔ S bc 2 to a numerical semigroup of genus g is such that S bc 0 = 3N, S bc (u1)3 = {u 1 + 3k : k = 0, . . . , τ }, where u 1 = g + 1 + ⌊ (g) 3 2 ⌋ and τ = ⌈ g 3 ⌉ − 1, and S bc 2 = ∅. When γ > 0, the (3, γ)-hyperelliptic semigroup S bc of maximal weight obtained by completing the g-element subset S bc, * = S bc 0 ⊔ S bc 1 ⊔ S bc 2 to a numerical semigroup of genus g is such that 6 belongs to S bc 0 , while S bc 1 and S bc 2 are specified by the following scheme.
(
In particular, we have
A straightforward calculation shows that the weight of the semigroup of Theorem 1.4 is equal to B(5B+1)
Proof of Theorem 1.4
Let H = H(g, γ) denote the set of (3, γ)-hyperelliptic semigroups of genus g. Remark 1.1 shows that in order to maximize the S-weight of T ∈ H, it suffices to minimize the inflection I T . To this end, let T * : 
Step 1: For a fixed choice of T 0 , we characterize the semigroup in H 0 with minimal inflection. To do so, it is useful to further filter semigroups according to their associated values of u 1 = u 1 (T). Accordingly, we set
Since the cardinality of T 0 is fixed, the cardinality of T 3−(u1)3 is maximized when #T (u1)3 is minimized, i.e., when T (u1)3 = (u 1 + T 0 ) ∩ [2g]. We then have T * = T 0 ⊔ ((u 1 + T 0 ) ∩ [2g]) ⊔ T 3−(u1)3 , and as (u 1 + T 0 ) ∩ [2g] fails to be an arithmetic sequence by precisely γ "gaps" in [2g] that are translations by u 1 of the γ multiples of 3 not contained in T 0 , it follows that
Remark 2.3. Lemmas 2.4, 2.5, and 2.6 will be used to describe those (3, γ)hyperelliptic semigroups T is of the form T (u1)3 = (u 1 + 3N) ∩ [2g] in Lemma 2.7 below. When γ = 0, every semigroup is of this particular form, so we provisionally ignore the γ = 0 case until Lemma 2.7.
Lemma 2.4. Suppose that γ > 0 and assume g ≫ γ. We have χ < 6γ for any (3, γ)-hyperelliptic semigroup of maximal weight.
Proof. Let T be a semigroup such that χ := u 1 (T) − u H 1 ≥ 6γ; then u 1 = u 1 (T) ≥ g + 3γ + 1. We will show that there exists a semigroup S ∈ H 0 for which I S < I T .
To this end, fix S 0 : 3 . Note that (u 1 + T 0 ) fails to be an arithmetic sequence by precisely γ "gaps" in [2g]. Now let J = γ + δ and let {x 1 , ..., x J } denote the subset consisting of T (u1)3 \ (u 1 + T 0 ) together with (if necessary) the set of J − #(T (u1)3 \ (u 1 + T 0 )) smallest elements of T 3−(u1)3 ; we then have x i > u 1 for every i. There are #S 3−(u ′ 1 )3 + γ remaining elements in T 3−(u1)3 , and the smallest of these, call it y, is at least 2g − 6γ − 3s 2 + 3. Indeed, otherwise #(y + T 0 ) ∩ [2g] > s 2 + γ; moreover, the largest s 2 elements of y + T 0 form an arithmetic sequence, and the kth among these is greater than or equal to 2g − 3(s 2 − k), where k = 0, . . . , s 2 − 1.
All of the pieces are now in place to show that I T − I S is positive. As T 0 = S 0 , it suffices to show that (
where I Ti denotes the contribution of T i to the inflection of the semigroup T. We find that
i.
It follows that
As s 2 ≤ γ + 1, the right-hand side of (3) is clearly strictly positive whenever g ≫ γ.
Lemma 2.5. Suppose that γ > 0 and assume g ≫ γ. Suppose that semigroups S and T belong to H u1 , with
is positive whenever g is large relative to γ; it follows that the smallest element of T 3−(u1)3 is larger than the largest element of T (u1) \ (u 1 + T 0 ), and we conclude immediately.
The upshot of Lemma 2.5 is that it suffices to consider semigroups T ∈ H u1 for which T (u1)3 is of maximal size.
Step 2: We compare the inflection of two semigroups in H 0 associated with distinct values of u 1 . Lemma 2.6. Suppose that γ > 0 and assume g ≫ γ. Let S and T be the semigroups such that S (u1)3 and T (u ′ 1 )3 are of maximal size in H u1 and H u ′ 1 , respectively. If
On the other hand, as we saw in the proof of Lemma 2.5, every element of S 3−(u1)3 is greater than or equal to 2g − 1 − (6γ + χ). Moreover, as χ < 6γ it follows that the difference
is positive whenever g is large relative to γ. It follows that the smallest element of S 3−(u1)3 is larger than the largest element of T (u ′ 1 )3 \ S (u1)3 , and we conclude immediately.
⌋, the cardinality of the residue set T (u1)3 is maximal among all (3, γ)-hyperelliptic semigroups in H = H(g, γ).
Proof. Let T denote a semigroup for which T
For such a semigroup, we have
, and also
In other words, we have
in which the second inequality follows from the fact that u 1 has nonzero residue modulo 3.
Note that whenever (g − γ) 3 = 2, the preceding inequality may be strengthened to u 1 ≥ g − γ + 2, since in that case g − γ + 2 is the smallest number with nonzero 3-residue greater than or equal to g − γ + 1.
Note that when γ = 0, we have #T 0 + #T (u1)3 = g, so T 3−(u1)3 = ∅. On the other hand, when γ > 0 then when (g − γ) 3 = 2 (resp., when (g − γ) 3 
The second assertion of the lemma is clear when γ = 0. To prove it when γ > 0, we will apply the following observation.
Claim 2.8. Let g be an integer and let S = {x 1 , x 2 , . . . } be an increasing sequence of nonnegative integers for which S ∩
Proof of Claim 2.8. Let
Now suppose (γ > 0 and) there exists a semigroup S for which #S
Note that
Applying (6), we deduce that
Applying Claim 2.8 in tandem with the inequalities (7) now yields
Using the fact that #S 0 = ⌊ 2g 3 ⌋ − γ and summing (this together with) the inequalities (6) and (8), we deduce that
Both conclusions are absurd, as they contradict the fact that S is of genus g.
Remark 2.9. When γ > 0 and there is equality in (5) , so that #( 
From our initial hypotheses we have u 1 ≤ g − γ + 2; it follows that
Indeed, the first inequality in (9) is clear, while the second inequality is clear whenever #(
is an arithmetic sequence with smallest element 2u 1 that contains every element in T with residue equal to (2u 1 ) 3 between 2u 1 and 2g. Consequently, any element that is added to (T (u1)3 + T (u1)3 ) ∩ [2g] in order to yield T 3−(u1)3 is necessarily less than 2u 1 . The right-hand side of the second inequality thus computes the sum of t 2 terms of an arithmetic sequence starting from 2g − 2γ + 4, of which the first t 2 − 1 terms are greater than or equal to (distinct) elements in (T (u1)3 + T (u1)3 ) ∩ [2g] while the last is larger than any element that we may add to (T (u1)3 + T (u1)3 ) ∩ [2g] in order to yield T 3−(u1)3 . In particular, the second inequality in (9) is strict whenever #(
Assume that γ > 0; we will handle the case γ = 0 at the end. If u ′ 1 ≥ u 1 , then S (u ′ 1 )3 ⊂ T (u1)3 , and the result follows from Lemma 2.6. Thus without loss of generality we may assume that u ′
and we let t ′ 1 = #T ′ 1 and s ′ 1 = #S ′ 1 denote their respective cardinalities. By construction, we have t ′
Thus
Summing and bearing in mind that t ′ 1 − s ′ 1 = s 2 − t 2 , we find that (11)
Thus the lower bound in (11) is positive whenever g ≫ γ.
Now suppose that γ = 0, it follows that u ′ 1 > u 1 , then S (u ′ 1 )3 T (u1)3 and S 3−(u ′ 1 )3 = ∅. The result follows because the smallest element of S 3−(u1)3 is larger than the largest element of T (u ′ 1 )3 \ S (u1)3 .
Case 2: Suppose now that (u ′ 1 ) 3 = (u 1 ) 3 . In what follows, r = (u 1 ) 3 . Let V denote any semigroup for which u ′′
and T (u1)3 are arithmetic sequences in [2g] in which all successive differences are 3, and r is equal to 1 or 2, it follows that
is equal to 0 or 1.
Similarly
is equal to either r or r−1. Just as in (5), we have #(T (u1)3 +#T (u1)3 )∩[2g] ≥ t 2 −1, and it follows that
in which the two first summands in the formula for I V 3−(u ′′ 1 ) 3 are obtained by summing those (t 2 − r − 1) smallest elements in V 3−(u ′′ 1 )3 greater than or equal to (and including) 2u ′′ 1 , and L is the sum of the ℓ = v 2 − (t 2 − r − 1) remaining elements {a 1 , ..., a ℓ } of V 3−(u ′′ 1 )3 .
Note that a i ≥ 2u ′′ 1 − n (l−i+1) for every i, where n i is the i − th positive element of S. Indeed, if a i < 2u ′′ 1 − n (l−i+1) for some i, it would follow that the l + 1 distinct elements a 1 , a 2 , · · · , a i , a i + n 1 , a i + n 2 , ..., a i + n l−i+1 all belong to V 3−(u ′ 1 )3 and are smaller than 2u ′′ 1 , which would in turn force V 3−(u ′′ 1 )3 to have cardinality strictly larger than s 2 , which is absurd.
Summing and applying the fact that t 1 − s 1 = s 2 − t 2 , we find that (14)
Since r > 0 and v 1 ≥ t 1 − 1 = ⌊ g+γ+2 3 ⌋ − 1, the first summand on the righthand side of (14) is greater than ⌊ g+γ+2 3 ⌋, while the other summands are bounded polynomially in γ. Indeed, in the second summand we have (t 1 − v 1 ) ≤ 1, while
Since t 2 = g − (t 0 + t 1 ) ≤ 2⌊ γ 3 ⌋ the third summand is bounded, and since n i ≤ 6γ for every i, the fourth and final summand is bounded too. Thus the lower bound in (14) is positive whenever g ≫ γ.
There are now three basic possibilities for v 1 = #V (u ′′ 1 )3 in relation to s 1 = #T (u ′ 1 )3 and t 1 = #T (u1)3 . Namely, either v 1 = t 1 , in which case s 1 < v 1 ; v 1 = t 1 −1 and s 1 < v 1 ; or v 1 = t 1 − 1 and s 1 = v 1 . In the first two cases, arguing as in Case 1 above yields I S − I V > 0, and therefore I T < I S , whenever g ≫ γ.
Finally, say that v 1 = t 1 − 1 and s 1 = v 1 . We begin by calculating
So, repeating the same argument as in Case 1, we find that
. As r ≤ 2, it follows that u ′′ 1 ≤ g − γ + 4 and consequently
Indeed, the first inequality in (15) is clear. To see that the second inequality holds, note that every insertion in (
is necessarily less than 2u ′′ 1 . The expression on the right-hand side of the second inequality thus computes the sum of #(V (u ′′ 1 )3 + V (u ′′ 1 )3 ) ∩ [2g] elements of an arithmetic sequence starting from 2g − 2γ + 8, together with v 2 − #(V (u ′′ 1 )3 + V (u ′′ 1 )3 )∩[2g] additional elements, each of which is larger than any of the insertions. In particular, the second inequality in (15) is strict.
Adding (15) to (10) (which describes I S ′ 1 and I S 3−(u ′
) 3
) while bearing in mind that v ′ 1 = s ′ 1 and v 2 = s 2 , it follows that
In particular, we have (16)
To conclude, we use the fact that v 1 = t 1 − 1 together with the estimate for I V − I T obtained in (14) to deduce that (17)
Summing (16) and (17) yields
which for the same reasons as before is strictly positive whenever g ≫ γ.
Now suppose that (u ′ 1 ) 3 = (u 1 ) 3 and γ = 0. From equation (12) we have t 1 − v 1 = 0 if (g) 3 = 0, and t 1 − v 1 = 1 otherwise. When (g) 3 = 0, we have v 2 = 0 and r = 1; that is, V (u ′′ 1 )3 and T (u1)3 are in bijection and every g 3 successive difference between an element of V (u ′′ 1 )3 and the corresponding element in T (u1)3 is 1. Therefore I V − I T = g 3 is positive whenever g ≫ 0.
On other hand, whenever (g) 3 = 0 we have v 2 = 1, V 3−(u ′′ 1 )3 = {2g}, and r = (2g) 3 . This time, all t 1 −1 = g 3 − (g) 3 3 successive differences between elements of T (u1)3 \{u 1 } and V (u ′′ 1 )3 are 3 − r = (g) 3 . It follows that
Summing, we obtain
which is positive whenever g ≫ 0.
Note that (u ′ 1 ) 3 = (u ′′ 1 ) 3 Therefore S u ′ 1 ⊂ V u ′′ 1 ; arguing as in Case 1 above we deduce that I S − I V > 0, and therefore I T < I S , whenever g ≫ 0.
According to Lemma 2.10, any (3, γ)-hyperelliptic semigroup of genus g and maximal weight will be a semigroup S for which #S (u ′ 1 )3 = #T (u1)3 is maximal, where T is as in Lemma 2.10.
Given such a maximal-weight semigroup S, let u ′ 1 = u 1 (S) as usual. Note that if u ′ 1 > u 1 , then either S (u ′ 1 )3
where V is a semigroup constructed in the proof of Lemma 2.10. Either way we have I S > I T , which is absurd. So we conclude that u ′ 1 ≤ u 1 . In order to identify (3, γ)-hyperelliptic semigroups of maximal weight, we will compare the inflection of the semigroup T of Lemma 2.7 with the inflection of an arbitrary semigroup S that satisfies the following two conditions:
When γ = 0, the unique semigroup that satisfies conditions 1 and 2 is the semigroup T of Lemma 2.10. Indeed, any semigroup S that satisfies condition 2 is such that S 3−(u ′ 1 )3 = T 3−(u1)3 = ∅. Moreover, any S = T that satisfies both conditions 1 and 2 has u ′ 1 strictly less than u 1 (T) = g + 1 + ⌈ (g)3 2 ⌉. Since (u 1 ) 3 = 0, it would follow that u ′ 1 ≤ g, and so 2u ′ 1 would belong to S 3−(u ′ 1 )3 , contradiction. Now assume γ > 0; we will use the following result.
If ((g) 3 , (γ) 3 ) ∈ {(0, 0), (1, 1)}, then e = 0 and thus u ′ 1 = u 1 − 2. Our construction forces 
(by which we mean that the elements larger than u ′ 1 + 3 form an arithmetic sequence). The unique semigroup S that satisfies this requirement, in addition to the two conditions 1 and 2 above, is such that u ′ 1 = u 1 − 2,
We now compare I T and I S . For this purpose, note that from the second onwards all g+γ+2
− 1) successive differences between elements of S (u ′ 1 )3 and T (u1)3 (resp., S 3−(u ′ 1 )3 and T 3−(u1)3 ) are 1 (resp., −1). It follows that
Summing we obtain
− 6, which is positive whenever g is large relative to γ.
Suppose now that ((g) 3 , (γ) 3 ) = (2, 1). Then either e = 0 or e = 1. Say that e = 0;
, and it is easy to see that in fact S (u ′ 1 )3 is obtained from the arithmetic sequence ((u 1 −1)+3N)∩[2g] = {u 1 − 1, u 1 + 2, . . . , 2g} by deleting a single element (u 1 − 1) + 3ℓ, for some ℓ ≥ 1. Claim 2.11 explains how to classify all of the corresponding semigroups S satisfying conditions 1 and 2 above. The first possibility is that ℓ > 1, in which case we have
Here ℓ < 6γ, and more precise restrictions on ℓ arise from the structure of S 0 , which is as-yet unspecified. The second possibility is that ℓ = 1, in which case (S (u ′ 1 )3 +S (u ′ 1 )3 ) is properly contained in S 3−(u ′ 1 )3 and in order to minimize inflection we may take S 3−(u ′ 1 )3 = {2u 1 − 2, 2u 1 + 4, 2u 1 + 7, . . . , 2g − 2} ⊔ {x} where x ≥ 2u 1 − 2 − n 1 and n 1 denotes the smallest nonzero element of T 0 . Let S 1 (resp., S 2 ) denote the inflection-minimizing semigroup when ℓ > 1 (resp., ℓ = 1). We compute
both of which are strictly positive when g ≫ γ.
Finally, suppose that ((g) 3 , (γ) 3 ) = (2, 1) and e = 1. Then u ′ 1 = g − γ − 3 = u 1 − 4, and S (u ′ 1 )3 (resp., S 3−(u ′ 1 )3 ) is obtained from the arithmetic sequence (u 1 − 4) + 3N) ∩ [2g] (resp., (2u 1 − 8) + 3N) ∩ [2g]) it generates via two deletions. However, an argument analogous to that used to prove Claim 2.11 shows this is only possible if those deletions from (u 1 − 4) + 3N) ∩ [2g] are precisely the second and third smallest elements of the arithmetic sequence. Thus
for some positive integer 1 < ℓ < 6γ. We compute
which is strictly positive whenever g ≫ γ.
Finally, say that e = 1; the nonpositivity restriction (18) forces (γ) 3 ∈ {1, 2}. In either case, we have u ′ 1 = u 1 − 5, and S (u ′ 1 )3 (resp., S 3−(u ′ 1 )3 ) is obtained from ((u 1 − 5) + 3N) ∩ [2g] (resp., ((2u 1 − 10) + 3N) ∩ [2g] via two deletions. It follows just as in the analysis of the case of ((g) 3 , (γ) 3 ) = (2, 1) and e = 1 in Case 1 above that the two deletions from ((u 1 − 5) + 3N) ∩ [2g] are necessarily the second and third elements of that arithmetic sequence, i.e., that
, which is strictly positive whenever g ≫ γ.
The upshot of the analysis of Cases 1 and 2 above is that for every fixed choice of S 0 , the semigroup S whose sets of nonzero residues are as described in Theorem 1.4 is of minimal inflection, i.e., of maximal weight. To conclude the proof of Theorem 1.4, we use the following result. Lemma 2.12. Assume that γ > 0. Let S and T be (3, γ)-hyperelliptic semigroups of maximal weight relative to distinct choices of zero residue sets S 0 and T 0 , respectively, and suppose that 6 ∈ T 0 . Then
In particular, S has maximal weight in H if and only if 6 ∈ S.
Proof. In light of our analysis of Cases 1 and 2 above, it suffices to show that I S0 − I T0 is g-asymptotically larger than n 1 (S)+(constant). On the other hand, each of T 0 and S 0 is equal to a (triple) dilation of a semigroup of genus γ. Our assumption that T 0 contains 6 means precisely that the genus-γ semigroup associated with T 0 is hyperelliptic. Accordingly we must obtain a uniform lower bound for the difference I T 1 − I T 2 , where T 1 and T 2 are semigroups of genus γ > 0, T 2 is hyperelliptic, and n 1 = n 1 (T 1 ) > 1 is fixed. To do so, we may suppose that T 1 is minimally inflected among all genus-γ semigroups S with n 1 (S) = n 1 . Graphically, this means that the Dyck path that encodes T 1 stabilizes to a staircase with step-size 1 after precisely (n 1 − 1) initial vertical moves upward, as in Figure 1 . This, however, means precisely that the difference between the ith nonzero positive elements of T 1 and T 2 (where n i < n j whenever i < j) satisfies n i (T 1 ) − n i (T 2 ) = n 1 − 2. It then follows immediately that I T 1 − I T 2 ≥ (g − 1 − n1−1 2 )(n 1 − 2), i.e., that 3. The geometric realization problem for (N, γ)-hyperelliptic semigroups of maximal weight
, and that ( 2(g−γ) N −1 ) N = N − 1. Then there is a unique (N, γ)-hyperelliptic semigroup of g-asymptotically maximal weight given by
denote the critical subset of elements with N -residue j. By construction, we have N −1 +1. Our expectation that S N is of maximal weight is predicated on the facts that • S N contains N 2, 2γ + 1 , i.e. its subset of residue-zero elements is of maximal weight; • its subsets of fixed positive residue j > 0 are all saturated, in the sense that all gaps of residue j residue are strictly smaller than any nonzero elements belonging to S N,j ; and • all insertions to S N beyond the residue-zero subset N 2, 2γ+1 are generated by insertions from a single positive residue class. The corresponding sets of gaps G N,j are given by Pairing complementary summands in arithmetic progressions, we see that the jth contribution to the double sum in (19) is precisely
Consequently, we may rewrite the double sum as We deduce that
.
We now compute the weight of a semigroup (implicitly) considered by Carvalho-Torres in [4] , namely S * N := N 2, 2γ + 1 + 2 N −1 g − 2N N −1 γ + 1 , whenever g and γ are both multiples of The crucial point here is that the gγ-coefficient of w N is strictly greater than that of w * N , and this means that for any fixed choice of γ, w N is g-asymptotically larger than w * N . Problem 3.4. Find an N -fold pointed cover π : (C, p) → (B, q) totally ramified in p and such that S(C, p) = S N . Conjecture 1.4 predicts, in particular, that if such a cover exists, then when the target is of positive genus the source curve is an N -fold cover of a hyperelliptic curve marked in a Weierstrass point. It is worth noting that the case in which the target is P 1 is quite well-understood in terms of the geometry of the canonical embedding of the trigonal source curve; see [3, 5, 2] .
